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An analytical formula is given for the heat-transfer coefficient as a 
function of the frequency of demity fluctuations in a fluidized bed and 
of the radius of curvature of the heat-transfer surface. Calculation 
coincides with the experimental data. 

In examin ing  the heat  t r a n s f e r  between a heat ing 
sur face  and a f luidized bed, we shal l  a s s u m e  that the 
heat  t r a n s f e r  is  accompl i shed  by per iodic  exchange 
at the sur face  of c l u s t e r s  (aggregat ions)  of pa r t i c l e s  
c a r r y i n g  away the heat  (when t w > tb) r e l e a s e d  by the 
sur face  by conduction.  Account is  a lso taken of the 
heat  c a r r i e d  away f rom the heated c lu s t e r  by the pen-  
e t r a t ing  f iu idiz ing agent.  

A c lu s t e r  of pa r t i c l e s  is  unders tood to be an aggre -  
gat ion of pa r t i c l e s  of the f luidized bed and of the mov-  
ing gas f i l l ing the space between them.  The c lu s t e r  is 
cons ide red  to be a homogeneous  med ium with cons tant  
t h e r m o p h y s i c a l  p r o p e r t i e s  keff, c, p over  i ts  volume.  
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Fig.  1. Q u a s i - s t e a d y  p roce s s  of heat  
t r a n s f e r  between a f luidized bed and a 
sur face  i m m e r s e d  in  it: a) per iodic  
hea t ing  of c l u s t e r s  at su r face ;  b) v a r -  

ia t ion  of ce with t i m e .  

A mot ion le s s  c l u s t e r  of pa r t i c l e s  is  heated at i ts  
sur face ,  thus r educ ing  the power of the heat  flux; 
then the heated c l u s t e r  is  thrown off by a gas bubble 
and is  r ep laced  by a new one with t e m p e r a t u r e  tb. 
When a bubble  is  in  contact  with the sur face ,  the hea t -  
t r a n s f e r  coeff ic ient  ~ and the hea t - f lux  power fall  a lmos t  

to zero,  and then i n c r e a s e  d i scon t inuous ly  with the a r -  
r i va l  at the su r face  of a new c lus t e r ,  a lmos t  to 2000 
W �9 m -~ �9 degree  -1 [1]. 

The f r equency  of exchange of c l u s t e r s  co inc ides  
with the f r equency  of dens i ty  f luc tua t ions  and v a r i e s  
f r o m  0.5  to 6 cps, depending on the p r o p e r t i e s  of the 
f iu idized m a t e r i a l  and the f lu id iz ing  agent  [1, 2]. 

The uns t eady  p r o c e s s  of heat  t r a n s f e r  between a 
f lu idized bed and an i m m e r s e d  su r face  may  be con-  

s ide red  as quas i - s t eady  over  a long enough t ime  in -  
t e rva l ,  when ca lcu la t ing  the t i m e - a v e r a g e  heat  t r a n s -  
fer coeff icient  and the t i m e - a v e r a g e  specif ic  heat  flux 
[3] (Fig. lb) .  

The inf luence of sur face  c u r va t u r e  on heat  t r a n s f e r  
has been  examined qual i ta t ive ly  by Antonishin  and 
Zabrodsk i i  [4], who based the i r  ana lys i s  on a mean  
t e m p e r a t u r e  over  the dwell t ime  of a c l u s t e r  at the 
surface,  this  depending only on the coord ina tes  of the 
point.  Using this  concept,  we made a quant i ta t ive  ana l -  
ys i s  of the p rocess ,  based on the above ideas  about 
the m e c h a n i s m  of heat  t r a n s f e r  in a f luidized bed. 

Analyt ica l  ca lcu lat ion  of the h e a t - t r a n s f e r  coe f f i -  
c ient .  If Gcl is  the t i m e - a v e r a g e  coeff ic ient  of heat  
t r a n s f e r  between the sur face  and a c l u s t e r  of p a r t i -  
c les ,  a 0 is  the coeff icient  of heat t r a n s f e r  be tween 
the sur face  and the gas dur ing  passage  of a bubble, 
and f0 is the f rac t ion  of the t ime  for which the s u r -  
face is  in  contact  with the gas bubble,  then the t i m e -  
average  heat  t r a n s f e r  coeff ic ient  may  be r e p r e s e n t e d  
[3] in the form 

= % f 0 + ( 1 - - f 0 )  ~ c l .  (1) 

Neglect ing the quant i ty  G0f 0 because  of the s m a l l n e s s  
of G 0 in compar i son  with Gcl (f0 is  not m o r e  than 0.6)  
[1], we obtain 

(1 -- [0) ~icl, (2) 

where acl may be written in the form 

~cl = 1/(R~ + R.). (3) 

Here  RX is the t h e r m a l  r e s i s t a n c e  of the m a s s  of a 
heated c lus t e r ;  R K is the addi t ional  contact  t h e r m a l  
r e s i s t a n c e  a r i s i n g  in the wall  r eg ion  due to the in -  
c r e a s e  in i ts  poros i ty  [3]. 

Examin ing  the uns teady  c y l i n d e r - c l u s t e r  h e a t - t r a n s -  
fe r  p rocess ,  we can wr i t e  the hea t -conduc t ion  equa-  
t ion for the c lus t e r  in cy l ind r i ca l  coord ina tes  

at c AL c p _ o  �9 z eff (a~ .  ~1 -I-~ mClar -- ql" (4) 

The t i m e - a v e r a g e  power qv  of heat  d ra in  per  uni t  vol -  
ume  of a c l u s t e r  is  de t e rmined  f rom the heat  t r a n s f e r  
between the p a r t i c l e s  of the c lu s t e r  and the gas mov-  
ing ins ide  it: 

qv == agr Fgr (/gr--- tg). (5) 
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To s i m p l i f y  the so lu t ion  of (4) we r e p l a c e  the c l u s -  
t e r  hea t ing  c u r v e  by a s t r a i g h t  l ine  (Fig .  la ) ,  i . e . ,  

arc1 At  t ~ _ t b  2(tcl - - t b )  
- - - ~  - -  = ( 6 )  

0 T A-c T c T~, 

which is  qui te  a d m i s s i b l e  when the t i m e  of con tac t  
~-e of the cluster with the cylinder surface is short 
enough (in practice "r e = 0. I-0.5 sec [i, 2]). 

Taking into account that O~gr is small [6], while 
the heat capacity of a cluster is large, we may put, 
as a first approximation, 

t g r ' - - g g ~ / c l  - - t b  ~- ~'' (7) 

It should  be noted tha t  for  v e r y  fine p a r t i c l e s  ( l ess  
than 100 p), the  quan t i t i e s  ~ g r  and q v  a r e  g e n e r a l l y  
i n s ign i f i can t .  Subs t i tu t ing  in (6) 

T~ : -  (1 - -  fo)lr~, (8) 

we obta in  (4) in the  f o r m  

d"~ + I dO 2cpn/(l~/o)-Fc~grFgr 
- - - - - ~  = O. (9) 

dr ~ r dr )~ eff 

Solving th i s  equa t ion  in b o u n d a r y  condi t ions  of the 
f i r s t  kind and des igna t i ng  

2c p n/( 1 - -  fo)+ agrFgr _ a, (10) 

),eft 
we obta in  

= eo Ko (V-dr)/K~ (I/~R), (11) 

w h e r e  do = tw - tb.  
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F ig .  2o C o m p a r i s o n  of the  e x p e r i m e n -  
t a l  (sol id c u r v e s )  and c a l c u l a t e d  (dashed 
c u r v e s )  l oca l  h e a t - t r a n s f e r  coe f f i c i en t s  

for  g l a s s  beads  of  d i a m e t e r  70 (A), 
320 (B), and 152 (C) ~: a) for  a point  
in the  bed 365 m m  f r o m  the d i s t r i b u t o r ;  

b) 568 m m .  The dashed  c u r v e s - - f r o m  
r e s u l t s  of  c a l c u l a t i o n  of ~ at  a he igh t  
of  467 ram.  The  f lu id i za t ion  v e l o c i t y  W 

i s  in m / s e c ,  

Examining (Ii) together with the equations of the 
laws of Newton and Fourier 

q := eft dr ~- ai" ( t c y l - - t ~ b : ) = % ~ ~  (12) 

we obta in  an e x p r e s s i o n  for  the  t h e r m a l  r e s i s t a n c e  
of the  homogeneous  m a s s  be ing  hea ted  at the  c y l i n d r i -  
ca l  surface of the cluster 

R; = i _  = }(o (V~0 (13) 
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Fig. 3. Influence of cylinder diameter 
2R (ram) on the ratio of the maximum 

heat-transfer coefficient of a cylinder 
and a plane surface c~(I/aPl~:-- I) ac- 

cording to [7] (2R = 0.132 ram, g l a s s  
beads  d = 31, 62, 153, 292 if, H2, He, 
CO2, a i r ) ;  2) a c c o r d i n g  to  [5] (2R = 
= 0 .2  ram,  qua r t z  sand a = 140, 198, 
215, 357, 515, 745 #, CO2, a i r ) ;  3) 
a c c o r d i n g  to [8] (2R = 0 . 4  and 0 .5  ram,  
co rundum d = 99 •, a i r ) ;  4) a c c o r d i n g  
to [1] (2R = 6 .35  ram, g l a s s  beads ,  d = 

= 70, 103, 152, 320 p, a i r ) .  

tn the  c a s e  of a p lane  s u r f a c e ,  i . e . ,  as  R ~ 
and the r a t i o  of  the  B e s s e l  funct ions  of i m a g i n a r y  arg-a- 
men t  of  f i r s t  and z e r o  o r d e r  g,~, (VZR)/K1 (t a R ) ~ -  l, 
combin ing  (13) and (10), we obta in  

R~ -- I ~J2c P~eff (14) 

in place of the exact value 

1.25 / ~ (I5) 
R~ = ~ - - ~  2CPkef f , 

which i s  ob ta ined  f r o m  the e x p r e s s i o n  

CA - -  
2~ (1 - -  [0) U ] h] (1 ~ -  ~./~,<)] , (16) 

R~ [ R../R,, 1 

derived in [3, 8], with R K = 0. Here R,,-= i nr/A, effi~c 
[3, 8]. The coe f f i c i en t  p i s  a l so  d e r i v e d  in r e f e r e n c e s  
[3, 8]. 

The fact  tha t  R X is  u n d e r e s t i m a t e d  by 1 .25 /p  i s  
ev iden t ly  due to the  a p p r o x i m a t i o n  in  t r a n s f o r m a t i o n  
(6). I n t r o d u c i n g  a c o r r e c t i o n ,  we have 

Ak-  1.25 }(, ,( I"~R) (17) 

I(, (I ~R) xeffl [, 
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and finally 

/ (  1"25 K~ ( t /aR) + R K ) .  (18) 
ct ----- (1 - -  f0) ~ K 1 ( | / a  R) k~ffV-a , 

Compar i son  of  the calcula ted and exper imenta l  
va lues .  In o rde r  to ve r i fy  the analyt ical  express ion  
obtained, we used the exper imenta l  data p resen ted  
in [1], and the r e su l t s  of the i r  reduc t ion  in [3]. The 
t es t s  were  c a r r i e d  out with g lass  beads  of d imension 
43, 70, 103, 152, and 320 t~, fluidized with a i r .  The 
Calor imeter  was a cy l indr ica l  hea te r  of  d iamete r  
6 .35 mm.  Measu remen t s  of ~ were  c a r r i e d  out in 
the f luidization ve loc i ty  range  0 - 0 . 6  m / s e c ,  at d is -  
tances  of  365 and 568 m m  f r o m  the d is t r ibutor .  Val-  
ues of  n and f0, and the re fo re  values of ~ computed 
from (18), were found for a height of 467 mm above 
the distributor. The quantity heft was taken from the 
data of measurements of the authors of [I]. The tests 

[I] show that the maximum value of a is reached at a 
frequency somewhat greater than that of bubble pass- 
age, i.e., the frequency of total exchange of clusters. 

Evidently bubbles which pass alongside a cluster dis- 
place the layer of particles situated on the surface, 
without disturbing the position of the cluster as a whole 

[3]. In our calculations we used the value of precisely 
this frequency, which can also be assumed as the cal- 
culation value of the frequency of exchange of clusters 

[I, 3, 8]. The experimental and calculated curves are 

shown in Fig. 2. Analysis of the combined curves al- 

lows the conclusion to be drawn that in the whole range 
of fluidization velocities presented, the possible error 

in calculation of the heat-transfer coefficient is small. 
The discrepancy of the curves at large fluidization 

velocities may be explained by our neglect of heat ex- 
change with the gas of the bubble, which becomes 

noticeable in this case. 

Analys i s  of the resu l t s  obtained.  To calcula te  the 
h e a t - t r a n s f e r  coeff icient  ~ it is n e c e s s a r y  to know the 
quanti t ies  Xeff and a. 

The coeff icient  appear ing  in (10) of heat  t r a n s f e r  
between pa r t i c l e s  of a c lus t e r  and the fluidizing gas 
may  be found f r o m  the graphs  given in [6], o r  d e t e r -  
mined f r o m  the fo rmula  also given the re .  

In genera l  the quanti ty a g r F g r  for  f luidization of  
pa r t i c l e s  less  than 100 p is negl igibly smal l  in c o m -  
par i son  with the quanti ty 2cpn/(1 - f0) en ter ing  into 
(lO). 

For  a smal l  t e m p e r a t u r e  drop ~0 and weak depen-  
dence of  the t he rm ophys i c a l  p rope r t i e s  of the fluidized 
bed on t empe ra tu r e ,  the ca lcula t ion  m a y  be done with 
the cons tants  at the bed t e m p e r a t u r e .  

The f rac t ion  f0 of the dwell t ime  of the c a l o r i m e t e r  
in the gas phase  (bubble) is equal on the ave rage  to 
the f rac t ion  of the volume occupied by bubbles at  a 
given place in the bed: f0 = 1 - Pl/P. 

The contac t  t h e r m a l  r e s i s t a n c e  R K of  the zone at 
the wall  may  be ca lcula ted  f r o m  the fo rmula  given in 
[3] 

R,, d / = ) , g l l n  )'--~ - - 1 ] .  (19) 
Xgk 

Ir is t rue  that this express ion  does not contain the di- 
a m e t e r  of the cy l indr ica l  ca lo r ime te r ,  which undoubt- 
edly has an influence on R K when the c a l o r i m e t e r  di-  
ame te r  is commensu ra t e  with the par t i c le  d iamete r .  

By analyzing (17) and (18), we can shed light on 
the nature  of  the dependence of ~ on the cyl inder  di- 
ame te r  2R. In the case  of the plane sur face  

p1 
R~, --1.25/~).~ffV~. (20) 

Calculat ion shows that  for a cyl inder  d i ame te r  of 
5 mm, the deviation of  ~ f r o m  the value computed for 
a plane surface ,  Up1, is not m o r e  than 5%. With de-  
c r e a s e  of cy l inder  d iamete r  to less  than 3 - 4  ram, 
i nc r ea se s  sharply,  as is c l ea r ly  demons t ra ted  in Fig. 
3. Here  the values  of ~ 1  and a~} a re  calculated for  
fluidized beds of g lass  beads  of d imensions  70, 152, 
and 320 ~, using values  of f0 and n taken f rom [1]. The 
curves  cons t ruc ted  f r o m  the r e su l t s  of  these ca lcu la -  
t ions p rac t i ca l ly  coincide for  the fluidized beds of 
pa r t i c l e s  of different  d i ame te r s .  

There  is s a t i s f ac to ry  ag reemen t  between the curve  
shown and exper imenta l  points obtained by var ious  
au thors .  The mi s s ing  values  of max imum h e a t - t r a n s -  
fer  coeff ic ient  aPm 1 in the plane case,  fo r  bed condi-  
t ions given in [7] and in [1] have been calculated f r o m  
the Varygin  fo rmula  given below. 

The empi r i ca l  fo rmulas  obtained by Varygin  [5] for  
a solid body (plane sur face  case)  

Nu,,, = 0.86 Ar ~ (21) 

and for a wi re  of d iamete r  0 .2 m m  

Nu,,~ 2 Ar ~ (22) 

give quite accura t e  conf i rmat ion  of ca lcula t ions  ac -  
cord ing  to our  Eqs.  (18) and (20) when Ar >_ 28 (for- 
mula  (22) was ver i f ied  in the range  of  Ar f r o m  246 to 
12 800 [5]). 

It is evident that  (21) and (22) may  be genera l ized  
in the f o r m  

Nu,, = K Ar~ (23) 

The values  of K calcula ted by us, us ing (18)-(20) 
for  cy l inders  of  va r ious  d iamete r s ,  a re :  

2R, m m  K 

0.1  2.3 
0.2 1.950 
0 .4  1.5 
0.8 1.09 
1 1. 030 
2 0. 946 
4 0. 910 
6 0.895 
8 0. 890 

10 0. 880 
0.860 

Thus,  knowing the hydrodynamics  of the fluidized 
bed (n and f0), we may  calcula te  the coeff icient  of heat  
t r a n s f e r  a between the bed and a cy l inder  i m m e r s e d  
in it. It should be noted, however ,  that  the coeff icients  
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K p r e s e n t e d  s t i l l  r e q u i r e  c a r e f u l  e x p e r i m e n t a l  v e r i f i -  
c a t i o n .  

NOTATION 

t~, tb, tgr, tg-temperatures of t  he calorimeter surface, the 
fluidized bed, the particles of a duster, and of the fluidizing agent 
(gas), ~ rcn]ax, te l -maximum and time-average temperatures of 
a heated duster at distance r from the calorimeter center, ~ r, 
r e - t i m e  (variable) and time of contact of a cluster with the surface, 
sec; f0-fract ion of the time during which the surface is in contact 
with the gas bubble; n-frequency of exchange of clusters, see'l; Xef f, 
kg, kM-thermal  conductivities: effective for a cluster, of the gas, 
of the particle material, W �9 m "x �9 degree'l; R K and RK-time-aver- 
age thermal resistance of a cluster of particles being heated, and 
contact thermal resistance, m 2" degree" W'l; c~, C~m, c%1, c~ 0, C~g r, 
ak-coefffcient  of heat transfer between the calorimeter surface and 
the fluidized bed, maximum and time-average between the surface 
and a cluster of particles, allowing for RK, between the surface and 
the gas of the bubble, between the particles of a cluster and the gas, 
between the surface and the homogeneous mass of a duster (without 
allowing for RK), W '  m "z '  degree'l; R~ 1, C~Pm 1, a ~ i - v a i u e s  of R x 
and C~m, respectively, for a plane and a cylinder; c-specific heat 
(mass) of a cluster, time-average, j .  kg "~. degree'l; PM' p' 0g, 
P l -  density of the material of the particles, of the cluster, of the- 
gas, and the mean over a section of the bed, kg �9 m ' 3  Fgr_ surface 
area of particles in unit volume, m'X; r, R-variable radius and 
calorimeter radius, m; d-diameter  of particles of the ftuidized bed, 
m; W-fluidization velocity, m �9 see' l ;  u-kinematic  viscosity of 
the gas, m 2 �9 see-l; g-acceleration due to gravity, m �9 see'2; Ar = 
= (gdS/v2)(pMPg/pg)-Archimedes number; Nu m = c~md/~g-Nusselt 

number for C~m; K,, (}/-/1~), K,(]/aR) -modified Bessel functions of 
the first kind of order zero and one in the argument '(vFcY]~), 1 / k -  
fraction of the particle half-thickness with nonzero temperature gra- 
dients [3]. 

R E F E R E N C E S  

1. H. S. M i e k l e y ,  D. F.  F a i r b a n k s ,  and  R.  D. 
H a w t h o r n ,  P a p e r  No.  8 a t  t h e  H e a t  T r a n s f e r  C o n f e r -  

e n c e ,  New Y o r k ,  A u g u s t  1 4 - 1 7 ,  1960.  
2.  H. S. M i c k l e y  and  D. F .  F a i r b a n k s ,  A. I. Ch,  

E .  J o u r n . ,  ! ,  S e p t e m b e r ,  1955 .  
3. A. P.  B a s k a k o v ,  I F Z h ,  6, no .  11, 1963 .  
4. N. V.  A n t o n i s h i n  and  S. S. Z a b r o d s k i i ,  I F Z h ,  

6, no .  11, 1963 ,  
5. N. N. V a r y g i n ,  T r .  MIKhM,  26,  1964 ,  
6.  D a i z o  Kun i i  a n d  J .  M.  S m i t h ,  A.  I .  Ch .  E .  

J o u r n . ,  7, no ,  1, 2 9 - 3 6 ,  1961 .  
7.  A.  J a c o b  and  G. L .  O s b e r g ,  T h e  Canad~  J o u r n .  

o f  C h e m . ,  no .  1, J u n e  5 - 9 ,  1957 .  
8. A.  P .  B a s k a k o v ,  V.  A.  A n t i f e e v ,  and  G. K.  

M a l i k o v ,  P r o c o  of  A l l - U n i o n  C o n f e r e n c e  o n  H e a t  and  

M a s s  T r a n s f e r  [ in  R u s s i a n ] ,  M i n s k ,  May,  1964 .  

2 S e p t e m b e r  1965 Kirov Ural Pol~lechnic Institute, 
Sverdlovsk 


